
ChemE 2200 – Applied Quantum Chemistry Lecture 10

Today:
Free-Electron Model, continued.

Electrical Conductivity: Metals and Superconductors
The Band Theory for Solids

Defining Question:
How can two electrons with the same wavenumber
have different energy?

Reading for Today’s Lecture:
Electrons in Solids, pp. 11-15.  

Reading for Quantum Lecture 11:
Electrons in Solids, pp. 15-18.
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Recap
The Free-Electron Model of Solids
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 3.7  1015 eV

characteristic spacing
between energy levels

is extremely small.
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area under curve =
number of electron states

number of electrons =
2number of electron states

This is the 1st of two
key plots for the

Free-Electron Model.



The Electron Wavenumber
To analyze electrical conductivity, we need the net motion of the electrons.

How to calculate net electron motion from electron energies? Velocities!

Because there is no potential in the box, each electron’s energy is its kinetic energy.

For vx > 0, the electron is moving to the right.
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For vx < 0, the electron is moving to the left.

Physicists prefer electron wavenumber to describe electron motion.
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The Electron Wavenumber vs. the Photon Wavenumber

cf. photon wavenumber. velocity = speed of light for photons (photon rest mass = 0).
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The Electron Wavenumber and Electron Energy

Express electron velocity in terms of wavenumber.

L
nk x

x
π

λ
π2


Start with the de Broglie wavelength.
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wavenumber, k

energy

The Electron Wavenumber and Electron Energy

a parabola:
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This is the 2nd of two

key plots for the
Free-Electron Model.

N(E) 
The filled states 

Z(E) 
The available states 

0 xk No net electron flow.

No electric current.



Electrical Current; Net Electron Flow

Electrical current requires:  (1) a driving force: an electric potential

(2) empty states with wavenumbers close to occupied states.
+

Electromotive force   (electron charge)  (electric field)

Femf  mea dt
dvm x

e
dt

dkx

electrons accelerate without limit?!

No.  Electrons collide with the lattice of nuclei (not explicit in the Free Electron model).

At steady state, the electromotive force balances the electrical resistivity.

For electrons that collide with the lattice on average every  seconds, 
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Free-Electron Model Predicts Metallic Conductivity

wavenumber, k

energy
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kx

kx

0 xk

Electric field causes net flow of electrons; an electric current.

Even the smallest applied electric field induces electric current. Metals!

The Free-Electron Model also predicts Superconductivity.  See Electrons in Solids, pp 8-9.





The Band Theory of Solids
Add an electric potential to represent the atomic ions.
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The Kronig-Penney Model
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Approximate the parabolic potential with a square well potential.



The Kronig-Penney Model
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Key features of the Kronig-Penney square well potential:

1. The potential is periodic. Period is set by atomic lattice spacing, a.

2. The potential near an atomic ion (nucleus + valence electrons) is lower than 
the potential between atomic ions.

3. Parameters V0 and w can be adjusted to match electronic properties.

4. The potential yields a solvable Schrödinger equation.
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Kronig-Penney Model:  Electron Wavenumbers
a

a
awmaVka αcos

α
αsincos 2

0 
 

½
e )2(αthatsuch Em



0
a

cos ka

0     

cos ka is confined to
the limits 1 and 1.

1

1

forbidden values of 

e

22

2
α

m
E 



Forbidden values of 
cause forbidden

values for energies.

Energy is discontinuous

a
nk 

at

a  lattice spacing



energy

wavenumber, k
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Kronig-Penney Model: Energy Bands and Band Gaps

Free-Electron Model

Kronig-Penney Model

energy bands
band gaps



Kronig-Penney Model: Metals and Insulators

energy

wavenumber, k
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EF

If the Fermi Level
lies in an energy band,
the solid is metallic.

EF

If the Fermi Level
lies in a band gap,
the solid is an insulator.

An electron in the
highest filled energy

state requires
substantial energy

to shift to a higher 
wavenumber.

An electric field
does not shift

electron wavenumbers.

Elements with an odd number of valence
electrons – Li, Na, and Al – have Fermi
Levels in energy bands: metals.

Elements with an even number of valence
electrons – C and Si – have Fermi Levels in 
energy gaps: insulators and semiconductors.



Kronig-Penney Model: Why Energy Band Gaps?
For the Free-Electron Model, V  0 everywhere.

Energy increases monotonically with wavenumber k:
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Kronig-Penney potential:
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Consider an electron state with wavelength   2a. 
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probability amplitude, ψ probability density, ψ*ψ

This electron with k = /a maximizes probability density in
low potentials and minimizes probability density in high potentials.



Kronig-Penney Model: Why Energy Band Gaps?

0 a 2a 3a 4a 5a 6a

Consider a different electron state with wavelength   2a. 
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This electron with k = /a minimizes probability density in
low potentials and maximizes probability density in high potentials.



Kronig-Penney Model: Why Energy Band Gaps?
Consider electrons with wavelength   a. 
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Kronig-Penney Model:  Summary To Date
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The parabola is the
Free-Electron Model:
kinetic energy only.

The additional energy
in the Kronig-Penney
energy bands is the
potential energy. 
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Defining Question for Lecture 2.
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For electrons with wavenumbers at the lattice spacing,
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How can two electrons with the same wavenumber have different energy?

Wavenumber indicates the electron’s kinetic energy.

Electrons with high probability density at the positive atoms
will have higher potential energy.

Electrons with high probability density between the positive atoms
will have lower potential energy.



Recap: The Kronig-Penney Model

energy

wavenumber, k
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The parabola is the
Free-Electron Model:
kinetic energy only.

The additional energy
in the Kronig-Penney
energy bands is the
potential energy. 

Band gaps are
a quantum
mechanical
phenomenon.
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probability density, ψ*ψ

blue ψ*ψ

red ψ*ψ


